In recent years, resistance distance and Kirchhoff index are extensively studied by mathematicians and theoretical chemists, such as the operations of join and corona between two graphs, some variants of above operations [4] - [15] , and so on. These results have profound implications for chemical material, molecular structures and electrical engineering. In particular, some topological indexes are of great significance to the study of electrical engineering [16] - [18] . Motivated by all of the above works, we discuss the resistance distance and Kirchhoff index of Q-double join graphs.
Here we list some of the symbols used in this paper. Let 1 n (respectively, 0 n ) be the n × 1 vector with each entry 1 (respectively, 0) and J s×t (respectively, 0 s×t ) be the s × t matrix with all entries equal to 1 (respectively, 0). We denote I n be the unit matrix of order n.
This paper consists of four parts, and the rest are organized as follows. In Section II, we list some previously known results. In Section III, we give the complete characterization of the resistance distance and Kirchhoff index of the graph G Q ∨ {G 1 , G 2 } and an application of Kirchhoff index of C Q 3 ∨ {P 2 , P 3 }. A brief summary about this paper is given in Section IV. 
II. PRELIMINARIES
In this section, we provide the definitions of two types of graphs, and then some lemmas are presented. Many graphs operations are well known, such as line graph, subdivision graph, R-graph, Q-graph and total graph, etc., and the following definition of Q-graph will be used in this paper.
Definition 1 [19] : The Q-graph Q(G) is the graph derived from G by inserting a new vertex into every edge of G and by connecting edges of these new vertices that are on adjacent edges of G. Note that Q(G) have n + m vertices. Let us denote the n vertices from G as V (G) and the new inserted m vertices as I (G), and colore V (G) with black and I (G) with red.
On the basis of the definition of Q-graph, a new variant of graph deformations is described below.
Definition 2 [19] : Let G be a connected graph with n vertices and m edges. Also let G 1 and G 2 be two graphs with n 1 and n 2 vertices, respectively. The Q-double join of G, G 1 and G 2 denoted by G Q ∨ {G 1 , G 2 }, is the graph derived from Q(G), G 1 and G 2 , by connecting every old-vertex V (G) of Q(G) with every vertex of G 1 and every new-vertex I (G) of Q(G) with every vertex of G 2 .
Example 3: As shown in the following FIGURE 1. We give three graphs C 4 , Q(C 4 ) and C Q 3 ∨ {P 2 , P 3 }, respectively. The third graph is C Q 3 ∨ {P 2 , P 3 } which is obtained by the cycle C 3 , paths P 2 and P 3 .
For a singular square matrix M , M has infinitely many {1}-inverse, where the {1}-inverse is a matrix X such that MXM = M . The group inverse of M , denoted by M + , is an unique matrix X such that MXM = M , XMX = X , and MX = XM . And M + exists if and only if rank(M ) = rank(M 2 ). Moreover, if M is a real symmetric matrix, then M + exists and M + is a symmetric {1}-inverse matrix of M , and if M is a symmetric matric, then M + is equal to the Moore-Penrose inverse of M [20] , [21] . Lemma 4 [20] , [22] : Let G be a connected graph. Then
where L (1) (G) denote any {1}-inverse of a Laplacian matrix of G and L (1) 
For a vertex i of a graph G, let (i) and l(G) (i) denote the set of all neighbors of i in G and l(G), where l(G) is the line graph of G.
Lemma 5 [8] , [23] : Let G be a connected graph. For any i, j ∈ V (G), we have
and A is a nonsingular matrix. Then
where
Lemma 8 [8] : Let G be a graph of order n. For any a > 0, we have
Lemma 9 [25] : Let G be a graph of order n. For any a, b > 0 satisfying b = n, we have [9] : Let G be a connected graph of order n. Then
III. MAIN RESULTS
In this section, we discuss the resistance distance of Q-double join graphs and The Kirchhoff index of Q-double join graphs. Theorem 12: Let G be an r-regular graph with n vertices and m edges, and G 1 , G 2 be any two graphs on n 1 and n 2 vertices, respectively. Then the following hold:
Proof: With an advisable labeling of the vertices of the graph G Q ∨ {G 1 , G 2 }, we can obtain the Laplacian matrix of
By Lemma 7, we have P −1 , as shown at the top of the next page, where
Now, we let
So by Lemma 7, we get
for the sake of brevity, we denote
Similarly, and we let
J n×n J n×n 1 . 
Therefore, it is not difficult to obtain the conclusions of the theorem 12 according to the Lemma 4 and the above matrix.
• For any i, j ∈ I (G)
And by Lemma 5 and the definition of Kirchhoff index, the following equality which are stated in this theorem holds.
•
Theorem 13: Let G be an r-regular graph with n vertices and m edges. and G 1 , G 2 be any two graphs on n 1 and n 2 vertices, respectively. Then
Proof: In the proof of Theorem 12, we have obtained
Now, let us compute each summation item at the right end of the Eq. (1), respectively. Note that the eigenvalues of Y are
Similarly, we get
and
Recall that
Thus, substituting (2) − (5) into (1), we have
According to Lemma 11, to prove the Theorem 13, we also need the following equation, i.e.,
Similarly, we calculate the each term at the right end of above equality. In the proof of Theorem 12 we've got.
Note that M 1 = 21 and 1
, we have
. 
In a similar way, R1 = L(G 2 ) + mI n 2 1 = m1 implies that
And, it's not difficult to get
Next, we calculate the rest of the Eq.(7).
In the same way, we can get
Plugging (8) − (15) into (7), we get
Using (6) and (16), The Theorem 13 holds according to the Lemma 11. Example 14: By the {1}-inverse of Laplacian matrix of Q-double join graphs and the Theorem 13, calculating the Kirchhoff index of the graph C Q 3 ∨ {P 2 , P 3 }, see FIGURE 1(c).
The Laplacian matrix of C Q 3 ∨ {P 2 , P 3 } is, as shown at the bottom of the previous page.
Based on Theorem 12, we can get {1}-inverse matrix of L C Q 3 ∨ {P 2 , P 3 } , as shown at the bottom of the previous page.
Then, by Lemma 11, we can get
599 620 .
IV. CONCLUSION
We introduce the definitions of Q-double join graphs and provide a complete proof procedure about its resistance distance and Kirchhoff index. The proof method are all from the Laplacian matrix of Q-double join graphs, the key is to calculate the {1}-inverse of its Laplacian matrix, after that, we get the results by combining the definitions of resistance distance and Kirchhoff index easily. 
